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In this paper, properties of interval matrix are studied. Some theoretical results on the
regularity and the singularity of an interval matrix are explored and verified through
several examples. Eigen value of the interval matrix using singularity property is
studied. Matlab code is developed to determine eigen values of an interval matrix.
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1 Introduction

Interval Analysis is a tool in numerical computing
where the rules for the arithmetic of intervals are
explicitly stated and applied to what is called today
interval arithmetic evaluation of rational expres-
sions. Moore [3] and P.S. Dwyer [1] have discussed
matrix computations using interval arithmetic in
their book in 1951. The Japanese scientist Teruo
Sunaga’s [2] paper was one of the most important
paper for the development of interval arithmetic.
Jiri Rohn’s paper like [5], 8], [4] etc are important
in this field.

In this chapter we have discussed some prilimi-
nary on interval matrix operations.

1.1 Notations

X = interval

X and X = left endpoint and right endpoint of an
interval respectively

A’ = Interval matrix

A. = Centre of the interval matrix

A = Spread of the interval matrix

P matrix = Whose principal minors are greater
than 0

Ay and As; = The first and the second principal
minor respectively

T, = if y €R” then Ty=diag(yi,y2....yn)

Y=y lyl=e y€eR"

Ay, =A,-T, AT,

A=A -Ty A

Ay =A. +T, A

Dy, = A. 7' T,A

B =D, |[B|+A.™!

Po (A) = Eigenvalues of A

Dy, = A.'Ty, AT,
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1.2 Arithmetic Operations on the

Set of Intervals

We will the denote intervals and their endpoints by
capital letters. The left and right endpoints of an
interval X will be denoted by X and X, respectively.
Thus, X = [X , X ]

Let 7 - 7 denotes any binary operation, X and Y
be any two intervals.

X -Y = [min S, max S], where S = { X Y, X Y,
Example 1.1. Let X =[-1, 0] and Y = [1, 2]. Then
for X*Y,S={-1,0,-2}and X x Y = [-2, 0]

1.3 Interval Matrix

Definition 1.1. An interval matrix A! is a matrix
whose each elements are intervals.

A genral form of an interval matrix is

a1{1 a% ain
I e i R
A1 Apo Bmn
where each afj = [aj ,a; | (or) AL =[ A, 4] for
some A, A satisfying A < A
Example 1.2. Take m = n = 2; Let A7 =
(121 B4l . 41 14 1 — ga - 1
b B cum-miasasn
1 3] - |2 4
Here, A = [5 4], A—{G 7]
— 1 3 2 4
cantres ac=a @) =4 [ 3]+ 2 ]
_13/2  7/2
“l11/2 112
DA 1 o1 |12 4 13|
Spread: A =5 (A—A)= 3 HG 15 4l =
1/2 1/2
1/2 3/2
Also, any AT = [ A, - A, A. + A], it can be

easily shown.
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1.4 Determinant of an Interval Ma-
trix
det AT = {det A | A € AT } = [minyaca’ det
A, maxyacal det A |

I _ [1a2}
Example 1.3. Take, A' = {[5 6]

)

3.4, .
[4,7]}’ Let §

_{det [CC‘ Z]:1§a§2,3§b§4,5§c

<6,4<d<7}

={adbc:1<a<23<b<45<c
<6,4<d<T7}
So, det AT = [min S, max S ] = [ -20, -1]

2 Regular Interval Matrix

Definition 2.1. A square interval matrix Al is
called regular if each A €A’ is nonsingular that is
det A # 0.

Example 2.1. S={adbc:1<a<2,3<b<
4,5<¢<6,4<d<7},if0¢S,theneach A
is non singular
I _ [172] [3a4] — [ _ _
det A" = det [[5,6] [4.7] =[-20,-1]
since 0 ¢ [-20,-1]; AT will be regular

Theorem 2.1. [6] Let Al be regular, then for
each A, A; €Al both A=A, and A;*A are P-

matrices.
(1 3 2 3

Example 2.2. A = 6 4}7A1—{5 4},
_ 4 -3
A 1:_114[6 1|

1/2 0]

-1 _ . 1

A Al—[5/4 1_,A1—2>0,

Ay = % > 0; hence A~! A; is P-matrix
Similarly, for A; =1 A.

Theorem 2.2. [6] Let AT be an nXn interval ma-
triz. Then the following conditions are mutually
equivalent:

(R) Al is regqular .

(A1) Ay.x=vy, T, x> 0 has a (unique) solution
for each y € Y ; where, Ay, = Ac -Ty A T,,
Y={vylyl =eyeck"}.

(A2) Ayexs-Aypro=y, >0, 22>0 has a solution
for each y € Y, where Aye = A, - Ty A,

A= A+Ty A .

(A3) B=D, |B|+A.~" has a unique matriz solu-
tion for each y € Y, where D, = A,~' T, A.

(B1) Aye ' Ays is a P-Matriz for each yeY

(B2) Ay~
yeY .

1Ayf x>0, >0 has a solution for each

(B3) Aye™
each yev.

(B4) If Al is regular matriz. Then |Dyx| < x has
a solution for each y€'Y.

(C1) (det Ay,)(det Ay'z’) >0 for eachy, y , z 7
ey

(C2) (det A,,)(det Ay'z)>0 for each y,y ,2€Y
such that y and y, differ in just one entry

(C3) po(Dy.)<1 for each y , z € Y, where D, =
AT, AT,

(C4) (Ae Ayt)i > 1/2; for each y, 2€Y;
1€1,2,...,n

(C5) (AcA7Y)y > 1/2 for each A € A | i

1,2,...,n

>0 and Ay~ x>0 has a solution for

Example 2.3. Take n = 2 then

SIRIEE)

(R)=(A1)

N R S

A= [131//22 171//22]; A:Eg flfg]
Ay, = [131//22 171//22] - {(1) ﬂ ' Eg ;ﬁ}

b -1 3

s = v =l R
w(%?i( . ){ o sl
o[-l 2

3/2 7/21_[1 o][i/2  1/2]_[1 3
11/2 11/2] [0 71} [1/2 3/2}7{6 7}
Ayt = Ac + TyA —{131//22 171//22}+[(1) 701} sz ég}=[§ ﬂ

A‘eXI'AfXQ—Y7X1>O7X2ZO

1 3| [2/4 2 4 1'/2_1.B i
6 7 x”l - 5 4 I):NQ - 1 ’ Yy solving

Aye = Ag - TVA:[

x| = (; and xo = 100

(R)—(A3)

A 3/2  7/2] —-11/44  7/44

©~ |11/2 11/2|° 11/44  —3/44

1 0 1/2 1/2

takey—{ 1]7 [ 1] [1/2 3/2}
by = A~ mya =[JIYA T 012 1)
[ ] take B = [i Z} el

B = Dy|B| + A, —s{a 2}
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—18/88  —32/88] [|a| |b| ;=11 o [-1
14/88  20/88 | ||c| |d| Y=o ? T
—11/44  7/44 1 0 10 1 0
By solving this we get, 10 3/29 7/2
g [~0.2874 0.1494 T, = [_0 1]; Ao = {11/2 11/ 2}
| 02644  —0.0575 / /
(R)—(B1) o107 [z o121 [too]
. L3 5 4 R 1/2 3/2| |0 1| —
~1/2 —3/2
_ 7 3] [2 4
Ave A= g 1[5 4 Ay = Ao - Ty AT, = [3/2 7/2}
vz C y z
~[1/11 —16/11 /2 1172
= |7/11 2011 [1/2 1/2} _ {1 3]
Ay =1/11> 0 and Ay =132/121> 0. —-1/2 =3/2 6 7
So Aye_lAyf is a P-Matrix TVAT, — |:_1 0:| |:1/2 1/2] |:_1 0:| B
(R)—(B2) Y & 0 -1]1(1/2 3/2] |0 1
] 1/2 —1/2
1 1/11 —16/11
take y = _J; Ay Ay = [7411 20/11] 1/2 =3/2)
e 1/11 —16/11] [z, AV AT, AT, = |32 2]
Bye Any>0:[7/11 20/11 | |o y ¢ Ty g 11/2 1172
. 17] [1/2 —1/2] _[1 4
>0,x=[1_>0 1/2 -3/2| — [5 7]
(R)—(B3) det Ay, = 7-18 = -11
] det A/ =7-20 =-13
1 1|7 -3 y 2
take y = | [ AyeTl=—gp | o (det Ay,) (det A/ /) = (-11) +(-13) = 143 > 0
_ =7/ 3/ (R)— (C2)
6/11 —1/11
7/11  3/11 takey—[l] y/—{_l] Z—H'A —{1 3]
1. _ | T . . _*1,_*1)_17}@_67
Aje™x = [6/11 _1/11] LCJ >0 ; Solving
. 1 _ o [3/2 72
this we getxz[?)] Ay/z = A - Ty AT, = [11/2 11/2
-1 0] [1/2 1/2] 1 0
2 o[ o A BE E
Age = {5 4} cAgl = {5 _2} 0 —1| [1/2 3/2] |0 1

—4

Ayt x>0= {5

4 X1
—2 T2
of x is [ﬂ

(R )—=( B4) take y = [_11}; from previous

] > 0; So the value

examples we know Dy = [_115/8 888 —2%2/8 888}
D,x = —18/88 —32/88| |11 =
T 14/88  20/88 | |
[~1821/88 —322,/88]
- { 1421 /88  2025/88 | |Dyx| <x means

| — 1821 /88 — 32x2/88| < x7 and |14z, /88
+ 20%2/88| < X2

solving this we get x = E]
(R)—=(C1)

Ay, =A.-T, AT,; take y = [11],2:[

1
1 )

2 4
b )
det Ay, = 7-18 = -11

det A/ = 14-24 =-10

(det Ay,)(det A /) = (-11) - (-10) = 110 > 0
(R)=(C3)

take y = 11} and z = [1 ; Ty = Ll) OJ, T,
b 2la= [ ol
T, AT, = [11//22 j?{/22 ;Dy, = AT, AT,
—11/44 7/44 1/2 1/2
[ 11/44 —3/44} {—1/2 —3/2]
_ —18/88 —32/88
{ 14/88  20/88 ]

So, after calculating the eigen value of

Dy, = 0.117 and -0.094, where both are less than 1.

(R)—=(C4)
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take y = {:ﬂ and z = {_11};
-1 0 -1 0
e CEE T P

Ac = [131//22 171//22]; A= Eg é@]

N [3/2 7)2
Ays =B - Ty AT, = [11/2 11/2}

[0 A B 3] [0 3] =

A1 — {—7/13 4/13}
v 5/13  —1/13
Aok ™ = {131//22 171//22] [_571? 41//133}

_[14/26 5/26}
| —22/26 33/26

(Ac Ay, 1)y = 14/26 =0.538 > 1/2

(Ac Ay, g = 33/26 = 1.269 > 1/2
(R)—(C5)

A, = [131//22 171//22] AT = Hé:g E:iﬂ

take A = [; ﬂ ATl = {_57/28 —31/?8]

e [ T [ )
= [ 2]

(AcA™ 1) =14/16 > 1/2
(AcA™ Y9y = 22/16 > 1/2

3 Algorithm for checking Sin-
gularity of an Interval Ma-
trix

Definition 3.1. An intertval matrix A’ is called

singular interval matrix if it contains a singular ma-
trix that is for any A € A’ det A = 0.

I __ [1a 2]
Example 3.1. det A* = det {[5’ 6]
;1]

since 0 € [-17 , 1 ]; so A’ contains atleast one
singular matrix.

Algorithm: [6]
Step 0 :: Select a matrix A such that |A — A.|
= A [recommended: Ay = Aj;; if (Ac7!);> 0 and

Aij: Aij otherwise]
Step 1:: Compute A~

Step 2:If Ki= ¢ for each i, terminate the al-
gorithm fails.  where K;={ j; such that (A.-
A)ijA_lji<O}.

Step 3:: Otherwise find k such that Ky# ¢ and
Y= min { ¢5; K;# ¢ } where

vi= ) (Ac— A)yAy !

JEK;
Step 4:: If ¥ < -1/2 terminate. Al g singular.
Step 5:: Otherwise set Ayj=(2A.-A)y; for each

j€ Kk and go to step 1.

Example 3.2. We have taken an interval matrix

=[] o e

A. = {131//22 175//22}

Step 0 : A = Eﬁ %;] A= E gﬂ

Since, [g ;1] ] [131//22 o /22] - Eg }@
|A—A| = [}ﬁ 1@ =2

Step 1: A~L = [3_/12 _1{/24}

Step 2 : A, - A = [131//22 175//22} _ [2 ;l] -
o

(Ac - A)p Appt = (-1/2) (-1) = 1/2 > 0 and
(A - A)pp Aoy~ =(-1/2)(3/2) = -3/4<0

Ky =2

(Ac - A)or A~ = (-1/2) (1/2) = -1/4; 0 and
(Ac - A)22 A22_1: (—1/2)(-1/4) :1/8>0

Ko =1

Step3: Ki=2#¢pand Ko =1+# ¢

1 =D, (Ae — A
Ajlil :Zj:2(AC — A)12A2171 = —3/4

Yy = ZjeKQ(AC - A)2jAj271 :ijl(AC -
A)21A1271 = 71/4

t =min {-3/4,-1/4 } =-3/4 =,

Step 4 : i3 =-3/4 <-1/2

So according to the algorithm given A’ is singu-
lar.

4 Theoretical Result on Sin-
gular Interval Matrix

Theorem 4.1. [7| An interval matriz Al is sin-
gular if and only if it satisfies |A.x] < A |z| ; for
some non zero vector T

Example 4.1. take Al = E:g E:gﬂ,
32 7/2] « _[1/2 1/2
Ac = [11/2 15/2]’ A= [1/2 1/2]
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[Acz| < A fz] = ‘ {131//22 175//22 B’j |

1/2 1/2
= {1/2 1/2 ‘ |

solving this we get x = { 23}

_[3/2 7/2].
Conversely, take A, = [11/2 15/2}’

_ |12 12 _[-3] . :
A= [1/2 1/2} and x = { 9 ] which satisfies the
above inequality.

So, from A. and A we can get Al =

2] (3,4
A"*A]‘[[E)ﬁ] 7.8
trix.

A - A,

} , which is a singular ma-

5 Eigen Values of an Interval
Matrix

Definition 5.1. Let A € M, ,(R). A nonzero vec-
tor v € R™ is called an eigen vector of A if Av =
Av for some scalar A\. The scalar A is called the
eigenvalue of A.

11
4 1
values and eigen vectors after solving Av = Av.

Example 5.1. Let A = we will get eigen-

11 . . .
[ 4 J v = A v; solving this we get eigen values

. . 1
are 3, -1 and corrosponding eigen vectors are [2}

and [12} respectively.

Theorem 5.1. [7] A € L if and only if the interval
matrix [(Aec-A)- A, (A-AD)+A ] is singular matrix.
where L = { A\ € R; Az = Az for some, A € Al x
# 0}

Example 5.2. Take A! =
2 4 1 1
o el

Take any A € Al; A = [3 9]; say eigen values
of A are A1 and Ay
A1 = 12.0827 and Ao

(Ac')\ll)-Az(Ac-/\ll)—i—A:<[§, 1-

12.082 0 " 1 1]  ]-9.082 5)
0 12.082 1 1] 7 —3.082

= -0.08276

Now the new interval matrix will be = [ ( A, -
MI)-A (Ac-M1) + A
ar 0 [(-11.082,-9.082) 3,5] .
5,7] [~5.082, —3.082] |’
/ —10.082 4 1 1
Ac = [ 6 4.082] and A L 1]

Since we know A’ is singular if and only if it
satisfies |A.x| < A |z|; for some non zero vector x

: : ~10082 4 ] [
e @< A ol = [ 6 —4.082} L‘J

<[ | ]

Solving this we get x = [ﬂ :So AT is singular.

2 4 11
Conversely, take A, = {6 8}’ A= [1 1] and
A = 12.0827

Then[(AC—/\I)—A - Al

[[—11.082, —9.082] }
is smgular
1
[

3] [3,5]}
5,7 [7,9]

Theorem 5.2. 7] Let A\ € L, then 3z # 0, p# 0
andy, z€ Yand d € [ 0, 1] such that,
1)(A.-dTy, AT, )z=\z

2)(A.-dTy AT, ) p=2Ap
3) Tax>0
4)Tp>0

Note : When A is a 2x2 interval matrix then

i {1 A

[5,7) - 5082 3082

3 4
for A =12.0827 3 A = [7 9] 6{
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6 Present Contribution for de-
termining Eigen Value

6.1 Matlab Code for 2x2 matrix

function
i=(a+b)/2;
j=(c+d) /2;
k=(e+f)/2;
1=(g+h)/2;
X=[i,j;k,1];
end
function Y=spread(a,b,c,d,e,f,g,h)
i=(b-a)/2;
j=(d-c)/2;
k=(f-e)/2;
1=(h-g)/2;
Y=[1i,j;k,1];
end

X=centre(a,b,c,d,e,f,g,h)

function X=VECTOR(a,b,c,d,e,f,g,h)
C=centre(a,b,c,d,e,f,g,h);
D=spread(a,b,c,d,e,f,g,h);
n=1000;
d= 0.0;
for i=1:n
d=d+0.001;
A=C-dx(diag([1,-1])*D*diag([-1,1]1));
B=A’;
[V,W]l= eig(A)
z=diag([-1,1]1)* V;

z1=z%[1;0]
z2=zx[0;1]
g=all(all(zl >= 0))
p=all(all(z2 >= 0))

[V,Wl=eig(B)
Z=diag([-1,1]1)%V;
Z1=7%[1;0]
Z22=7x[0;1]
Q=all(all(Z1 >=
P=all(all(Z2 >=
if(g==1 || p==
disp (’done for
d

break

end

end

end

0))
0))
[l P==1 || Q==1)
4 )

11

Table 1
Matrix y z FEigen | Eigen d
Value | Vectors
(x and
p)
[1,3] [4, 6] 1 -1 —0.8090
[m,s] m,1m] 1 1 - [ 05878] 0.001
- - 1.6311 | ;
—0.8876
[ 0.4606 ]
1,:¢ 5 1 -1 —0.851
[[E}"lsl]] [1[4: Ils]] 1 1 - [ 0052520] 0.001
- - 1.7013 | ;
—0.9378
[ 0.3472 ]
[10,12]  [14, 16] 1 -1 —0.7830
[[18, 20] [22, 24]} 1 1 - [ 0.6220 ] 0.001
- Lo 0.9145 | ;
—0.8472
[ 0.5313 ]

7 Conclusion

In this paper, we have calculated the eigen value of
an interval matrix using singularity property and
developed matlab code.
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